The two state molecular orbital (2-MO) model of the phenyl based semiconductors is used to calculate the low-lying spectra of the A 
analysis of the particle excitation weight of these states indicates that they are predominately single particle in character.
Introduction
Since the first light-emitting device based on poly(para-phenylenevinylene) (PPV) was reported [1] , the non-linear optical (NLO) properties of conjugated polymers have been extensively investigated.
Amongst the numerous systems studied, poly(para-phenylene) (PPP), being a linear chain of phenyl rings, possesses one of the simplest structures. However, its electronic structure and the nature of the blue light emission [2] are still controversial. First-principles local-density approximation studies by Ambrosch-Draxl et al. [3] suggest that the optical properties of PPP can be explained by a purely band picture, with intragap non-linear excitations suppressed by three-dimensional effects.
However, recent experimental results on the electroabsorption (EA) and photoinduced absorption (PA) in substituted PPP by Lane et al. [4] are explained by the presence of non-linear excitations, such as singlet and triplet excitons, and charged polarons.
The aim of this paper is to clarify the rôle and importance of the low-lying non-linear excitations in PPP by calculating its electronic structure and NLO properties in a realistic Hamiltonian. The EA spectrum compares favourably with recent experiments. We identify the key states which participate in the NLO processes. Moreover, by calculating the particle-hole separation of these states, we identify the band gap as the threshold state whose particle-hole separation increases linearly with oligomer size. This enables a rigorous determination of the band gap to be made.
Recently, a two state molecular orbital model was introduced [5] to describe the B 1u and A g states of the phenyl based semiconductors. In the current paper we introduce a more thorough parameterisation of this model by fitting to improved exact Pariser-Parr-Pople model calculations of the molecular building blocks (i.e. benzene and biphenyl) [7] . This model is then solved for oligomers of arbitrary length without further parameterisation.
As well as our earlier work, which was the first to use the DMRG method for the phenyl based semiconductors [5, 6] [3] . Rice et al. [10] have developed a phenomenological, microscopic model based on the molecular excitations of benzene. The absorption bands are calculated using an approximate Kubo formalism. In a series of papers, Shimoi and Abe have considered the optical and electro absorption of PPV in a re-parameterised P-P-P model using single-excitation configuration interaction (S-CI) [11, 12] . This method was used also by Harigaya et al. for studying optical absorption spectra and exciton properties in PPP, PPV, and related polymers [13] .
The structure of a PPP chain is shown schematically in Fig. 1 . It possesses D 2h symmetry. The electronic states can be classified according to their spatial, spin and particle-hole symmetries. In this paper we only consider states which are symmetric under reflection in the x − z plane, and either symmetric or anti-symmetric under reflection in the x − y plane. These will correspond to the low energy excitations. The ground state belongs to the 1 A + g (spin singlet, space-and particlehole-symmetric) symmetry sector. Low-lying one-photon excitations occur between the 1 A + g and the 1 B − 1u (spin singlet, odd space and particle-hole symmetry) symmetry sectors. These excitations are polarised along the long (z) axis. We note that these states are electronically decoupled from the higher lying B 2u (symmetric under x − y reflection and anti-symmetric under x − z reflection) and B 3g (anti-symmetric under x − y and x − z reflection) states.
Non-linear processes in polymers with inversion symmetry are determined by the third-order
, which can be calculated as a sum over intermediate states (see, e.g., [14] ). It was suggested several years ago that most of the NLO properties can be described by an "essential states" model [15, 16, 17, 18] . Until recently, numerical investigations of one-dimensional systems with strong electron-electron interactions were limited to exact diagonalisations of short chains, to approximate configuration interaction calculations or to the use of density functional theory. A key aspect of this work is that we perform essentially exact calculations on our model using the density matrix renormalisation group (DMRG) method. We check the numerics by comparing DMRG results with exact results in the non-interacting limit, by comparing DMRG and exact diagonalisation calculations for a 7 unit oligomer and by monitoring the convergence of results with the parameter m (which controls the amount of Hilbert space truncation and hence the DMRG error) for longer systems in the interacting case.
The plan of this paper is as follows. In the next section the molecular orbital model will be reviewed and parameterised. In §3 the energy and root-mean-square size of the low-lying states are calculated as a function of oligomer size, thus identifying the band threshold. The single particle excitation weight of the wavefunctions is also investigated. In §4 the dipole moments between states are calculated, thus identifying the key states in the NLO processes. The linear susceptibility is also calculated. In §5 we turn to the calculation of the EA and THG spectra using the sum-over-states method. Finally, we conclude in §6.
The Molecular Orbital Model and Hamiltonian
The starting point for the molecular orbital approach used in this paper is the well-known PariserParr-Pople or extended Hubbard Hamiltonian:
Here, c † iσ and c iσ are creation and destruction operators, respectively, for a π electron with spin σ on carbon site i, n iσ = c † iσ c iσ is the number operator, n i = n i↑ + n i↓ and t ij is the transfer integral.
U and V ij are Coulomb repulsion parameters for electrons occupying one site and sites i and j, respectively.
The Ohno parameterisation for the Coulomb interaction is,
where α = (U/14.397) 2 , thus ensuring that V ij → e 2 /(4πǫ 0 r ij ) as r ij → ∞, and r ij is the interatomic distance inÅ. The optimal parameterisation for PPP, which was derived in [7] , is U = 10.06 eV,the phenyl bond transfer integral, t p = 2.539 eV and the single bond transfer integral, t s = 2.22 eV.
The Model
The six atomic π-orbitals of a phenyl ring c † iσ , i = 1, ..., 6 may be transformed to six molecular orbitals (MOs), a † ασ . This approach for phenyl based semiconductors was used earlier by Soos et al. [19] .
Recently, Chandross et al. [20] employed a similar approach in their work on the characterization of excited states in conjugated polymers. It was suggested in [5] that the low lying A g and B 1u
excitations can be described by only two of the resulting MOs, namely, the bonding e 1g HOMO and e 2u LUMO states. This is the so-called two state molecular orbital (2-MO) model. The other HOMO and LUMO states are non-bonding, because the wave function amplitude on the bridging carbon atoms is zero. Transitions between these states lead to high lying localised B 1u excitations, while transitions which mix the bonding and non-bonding orbitals lead to excitations with B 2u and B 3g symmetry [21] . We will not be concerned with these latter states in this paper. The (occupied) a 2u and (empty) b 2g states are situated far away in energy from the HOMO and LUMO, and are assumed to play only a minor role in the low-energy excitations. Below, the bonding HOMO orbital is denoted by |1 and the bonding LUMO orbital is denoted by |2 .
With two MOs left, and neglecting the three and four centre two-electron integrals and Coulomb interactions beyond nearest neighbour phenylene units, the transformation from the atomic to the molecular orbital basis results in the following Hamiltonian:
where MOs on the same repeat unit, and hopping (t) between neighbouring repeat units. To understand the essential physics of this model, consider the limit t = 0. In this limit there are localised intra-phenyl particle-hole triplet and singlet excitations at √ ∆ 2 + P 2 − X and √ ∆ 2 + P 2 + X, respectively. The MO Coulomb repulsion results in a potential well to the unbinding of these excitations. It costs an energy U − V − X to seperate the particle-hole pair by one repeat unit and U − X to separate them by two or more repeat units. Finally, the hybridisation, t, leads to the delocalisation and ultimately unbinding of the particle-hole pair.
A straightforward derivation of the new Hamiltonian parameters from the atomic Hamiltonian (1) gives results for the excitation energies which deviate from exact Pariser-Parr-Pople model calculations of benzene and biphenyl, as well as to over-estimating the optical gap by approximately 1 eV in long oligophenylenes [21] . We therefore take the view that eqn. (3) contains the essential physics to model the low-lying excitations, but that these interactions are renormalised from their bare Pariser-Parr-Pople values. We parameterise the two state model by fitting its predictions to the exact Pariser-Parr-Pople model calculations of benzene and biphenyl [7] . The two state model is exact in the limit that the interactions vanish, as in that case it describes particle-hole excitations from the valence to the conduction band. In the other extreme of the hybridisation vanishing, it correctly models localised intra-phenyl triplet and singlet excitations. In the intermediate regime the validity of the approach is determined by the test with experiment. We will show that the predictions are in good agreement with the experimental data, but in addition substantial physical insight is achieved as to the nature of the excited states.
Parameterising the Model
Since the 2-MO model is applicable to states of A g and B 1u symmetry, it is parameterised by fits to states of the same symmetry in benzene and biphenyl. The interactions are parameterised in the following way: First, when the nearest neighbour hybridisation is switched off, the model should predict localised (phenylene) triplet and singlet excitons. The full Pariser-Parr-Pople calculation of benzene predicts a pair of excitations which are anti-symmetric under x − y reflection (the 1E 1u (z) and 1B 1u states) and a pair which are anti-symmetric under x − z reflection (the 1E 1u (y) and 1B 2u
states) in both the singlet and triplet channels [7] . However, as was explained in [21] , the 2-MO model predicts that both the pair of 1E 1u (z) and 1B 1u states and the pair of 1E 1u (y) and 1B 2u
states are degenerate. In the 2-MO model the energies of the triplet and singlet are √ ∆ 2 + P 2 − X and √ ∆ 2 + P 2 + X, respectively. ∆ and X (since P = X) are determined by fitting these values to the average values of the 1E 1u (z) and 1B 1u triplet and singlet excitons obtained from the full
Pariser-Parr-Pople calculation on benzene, which are 4.45 eV and 6.23 eV, respectively [7] . This gives ∆ = 5.26 eV and X = 0.89 eV. Next, when the hybridisation is switched on the excitons delocalise and interact. The key low-lying states are the long axis-polarised triplet (1 3 B + 1u ) and singlet (
states, and the lowest even, covalent excitation, the 2 1 A + g [22] . Once ∆ and X have been fixed, their energies are determined by t, U and V (we assume |t αβ | ≡ t for all orbitals α, β). We use the exact biphenyl calculations to fit these excitations. To simplify the fitting of these parameters we assume that V = U/2, and adjust t and U so that we have an exact fit to the full Pariser-Parr-Pople 
Solving the Model (i) Density matrix renormalisation group solution
The system (3) is a one dimensional quantum lattice model with 16 states per repeat unit. For small lattice sizes, L, it is possible to calculate eigenvalues and eigenstates using exact diagonalisation.
However, the largest system which can comfortably be reached by this method is the sexamer (L = 6 phenylene units). In order to study larger systems, we turn to the DMRG method [23] . The The DMRG is discussed at length in [23] and reviewed in [24] so we restrict our discussion here to features relevant to our implementation of the method for (3). The key features are the form of the system, environment and super blocks, the number m of states retained per block, and the good quantum numbers used to diagonalise the superblock Hamiltonian and the density matrix.
We implement the DMRG for (3) using the infinite lattice algorithm [23] . That is, the system and environment blocks are reflections of one another, and are increased by one repeat unit at a time, the initial blocks consisting of a single phenylene unit. The first two superblocks are schematically depicted in Fig. 2 . They are comprised of the system and environment blocks abridged by a phenylene repeat unit.
The total chargeN = i α n iα and the total z spinŜ
i α (n iα↑ − n iα↓ ) are used as good quantum numbers in diagonalising the superblock hamiltonian and the system and environment block hamiltonians and density matrices. In addition, the spatial inversion (Ĉ 2 : a iασ → a L−i+1 ασ ), (
ii) Accuracy tests
We verify the validity of the DMRG solution by checking that the results obtained for the trimer and the pentamer agree with exact diagonalisation results. Basis truncation occurs for larger chains, the first being the septamer. This is the largest system that we can treat by exact diagonalisation (the dimension of the Hilbert space is 11 778 624). In Table 2 In order to check the convergence for longer systems we first examinine the non-interacting (U = V = X = P = 0) case which can easily be diagonalised exactly for any chain length. In the DMRG calculations we retain m = 230 states per block. Exact and DMRG results are given in Table 3 for the ground and first excited state energies for a number of lattice sizes. We see that the DMRG resolves gaps between these states well and truly above the accuracy required in order to make comparisons with experiments, that is, a few hundreds of an eV. The accuracy is expected to be even better in the interacting case where states are more localised and gaps are widened [23] .
That is, the accuracy should increase monotonically as U is increased, up to the atomic limit t αβ = 0
where exact results are trivially recovered by any real space renormalisation group procedure. In Table 4 3 The Low Energy Spectra and Exciton Correlation Functions Table 4 shows the energies of the lowest triplet and singlet B 1u excitons as well as the lowest covalent of oligomer size N are given in Fig. 3 . Also, the charge gap defined as 
where
is a singlet exciton creation operator, which removes a particle from the orbital |1 on site j and places it onto the orbital |2 on site i. Thus,
gives the weight of single particle excitations in the state |n and
is the distribution function for the particle-hole separation. Note that, as discussed in Appendix A, C ij = +C ji for states which are negative under the particle-hole transformation (i.e. 's'-wave excitons), while C ij = −C ji for states which are positive under the particle-hole transformation (i.e.
'p'-wave excitons).
Using (7), we calculate the spatial extent of a given state, or the particle-hole separation, using the formula:
(A similar approach to calculating the average particle-hole separation was used by D. Yaron and R. Silbey in their study of polyacetylene [28] .) The results are given in Fig. 4 = 0.74 eV.
Finally, in Table 5 we show the single particle weight, W 1 eqn (6), for the essential states (as defined in the next section) for a 15 site oligomer. Evidently, these states are predominately single particle in character.
Oscillator Strengths and the Linear Susceptibility
As a next step towards the calculation of the NLO properties of PPP, we compute the oscillator strengths of transitions between the essential states. These are, besides the ground state, the 1 This state has already been invoked for explaining the EA spectra of a number of luminescent and non-luminescent polymers by Liess et al. [29] . In Fig. 5 we show schematically the most important states for the non-linear optical properties. The results for the corresponding oscillator strengths are given in Table 6 .
Using the results for the oscillator strengths, the first-order optical absorption is computed. As expected, the dominant peak belongs to the lowest allowed transition, transition is also not explicitly indicated, but as discussed in §2, our theory predicts this to be at 6.23 eV.
Third Order Non-Linear Susceptibilities
The NLO properties of PPP, such as third harmonic generation (THG) and electroabsorption (EA),
can be related to the third-order macroscopic susceptibility χ (3) . The EA signal is related to the imaginary part of χ (3) [29] :
while the THG spectrum is related to χ (3) (−3ω; ω, ω, ω). The third-order susceptibility χ (3) , in turn, results from the third-order microscopic hyperpolarizability γ xxxx :
where ω σ = ω 1 +ω 2 +ω 3 and the factor 1 5 results from the orientational averaging [30] . The calculation of γ xxxx can be performed using the sum-over-states method (see, e.g., [14] ):
)), (11) where µ ij is the dipole matrix element for the transition between the states i and j, and K(−ω σ ; ω 1 , ω 2 , ω 3 )
is a numerical constant which depends on the values of ω σ , ω 1 , ω 2 , ω 3 [14] . In particular, for the EA coefficient (ω σ = −ω 1 = −ω, ω 2 = ω 3 = 0), K = 3 and for the THG coefficient (
denotes the average of all terms generated by permuting ω 1 , ω 2 and ω 3 . A finite lifetime of the levels A, B, C is taken into account in order to calculate γ xxxx at the resonance points properly.
The sum in equation (11) is over all states. However, due to the fact that the ground state belongs to the 1 A + g symmetry sector, the dipole matrix elements are non-zero only for the transitions between Electroabsorption spectroscopy is used as a tool for investigating the low-lying electronic excitations in polymers (see, e.g., [31, 32, 33, 12] ). In [16] it was shown that EA spectrum includes 
Conclusions
This paper has been devoted to clarifying the nature of the low-lying A ('s'-wave) exciton, which is situated in the gap between the ground state and the band states. As the oligomer size increases, the number of excitonic levels also increases, thus creating an excitonic band in the limit N → ∞. The calculated size of these excitons indicates that they are tightly bound, extending over only a few repeat units. The lowest band state is found to be a covalent 2 1 A + g state, whose energy almost coincides for all the oligomers studied with the charge gap E G . Lying [4] showed that the main features of the experimental spectrum are well described in the 2-MO analysis of the particle excitation weight of these states indicates that they are predominately single particle in character.
In conclusion, the parameterised 2-MO model presented here gives a quantitative description of the low lying excitations and the NLO properties of the phenyl based semiconductors. The parameterisation was performed to achieve a good description of the states within the A g and B 1u
symmetry sectors. Equally, however, by fitting to the relevant states of benzene and biphenyl, a parameterisation could be achieved for states in the B 3g and B 2u symmetry sectors.
A Particle-hole Symmetry in the Molecular Orbital Basis
In this Appendix we derive the particle-hole inversion operator,Ĵ, for the molecular orbital (MO)
representation, and discuss the particle-hole-symmetry-adapted wavefunctions for a chain. In the atomic orbital (AO) representation the action of the particle-hole inversion operator on the system can be cast as follows:
Using the following relations between the MO and AO creation operators:
we deduce the following formulae for the action of the particle-hole inversion on the MOs as:
Now let us consider the action of the particle-hole operator within a single exciton basis. Yaron and Silbey have considered the action ofĴ on a single exciton basis using periodic boundary conditions [28] . Here, we develop these ideas using the real space MO representation.
Let the ground state be represented by
Then we may create a singlet excitation of spatial extent δ = |i − j| and localised around the repeat unit n = (i + j)/2, as follows:
It is straightforward to demonstrate that
Thus, for an exciton localised about repeat unit n we may construct a state with definite particle-hole symmetry as,
where the symmetric ('s'-wave) combination is negative underĴ, while the anti-symmetric ('p'-wave) combination is positive underĴ. It is C n δ = C ij which is essentially measured by eqn (5).
A state of definiteĈ 2 symmetry may then be constructed as follows: [35] We would like to thank one of the referees for drawing our attention to an error in the calculation of the THG spectrum in the initial version of the manuscript. [25] and crystalline films (b) [26] , (c) [27] , (d) [3] , (e) [4] . 
